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THE MEAN CURVATURE
OF THE SECOND FUNDAMENTAL FORM
OF A HYPERSURFACE
STEFAN HAESEN⋆, STEVEN VERPOORT•
Abstract. An expression for the first variation of the area functional of the second
fundamental form is given for a hypersurface in a semi-Riemannian space. The concept
of the “mean curvature of the second fundamental form” is then introduced. Some
characterisations of extrinsic hyperspheres in terms of this curvature are given.
Notice. This article (arXiv:0709.2107v3) is an extended version of [15].
1. Introduction and Outline of the Article
We shall be concerned with hypersurfaces of a semi-Riemannian manifold, for which
the real-valued second fundamental form II is a semi-Riemannian metrical tensor. The
geometry of such hypersurfaces can be explored with respect to either the first or the
second fundamental form.
In analogy with the classical study of the geometry of hypersurfaces as determined by
their first fundamental form, a distinction can be made between the intrinsic geometry
of the second fundamental form, which is determined by measurements of II-lengths on
the hypersurface only, and the extrinsic geometry of the second fundamental form, which
concerns those measurements for which the geometry of the second fundamental form of
the hypersurface is compared with the corresponding geometry of nearby hypersurfaces.
The Intrinsic Geometry of the Second Fundamental Form.
It is a natural question to investigate the relation between the intrinsic geometry of the
second fundamental form and the shape of the original hypersurface, and for this purpose
the intrinsic curvatures of the second fundamental form have already been studied.
For example, it is well-known that the second fundamental form is a flat Lorentzian
metric on a minimal surface in E3. Conversely, D.E. Blair and T. Koufogiorgos showed
that the pieces of a helicoid are the only non-developable ruled surfaces in E3 for which
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the Gaussian curvature KII of (M, II) vanishes [7], and M. Becker and W. Ku¨hnel showed
that the catenoid is the only surface of revolution in E3 for which the second fundamental
form is a complete and flat Lorentzian metric [5].
Numerous related characterisations of Euclidean spheres among ovaloids, i.e., among
compact hypersurfaces in a Euclidean space with a positive definite second fundamental
form, have already been found. For example, R. Schneider’s theorem characterises the
hyperspheres as the only ovaloids for which the second fundamental form has constant
sectional curvature [21]. Some generalisations of this theorem for surfaces in certain
Lorentzian manifolds have been found by J.A. Aledo, A. Romero, et al [2, 3].
However, in the present article we are not concerned with the geometry of the second
fundamental form from the intrinsic point of view, but we will study an aspect of the
extrinsic geometry of the second fundamental form.
The Extrinsic Geometry of the Second Fundamental Form.
As is known, the mean curvature H of a hypersurface of a semi-Riemannian manifold
describes the instantaneous response of the area functional with respect to deformations
of the hypersurface. Since we are studying hypersurfaces for which the second fundamental
form is a semi-Riemannian metrical tensor, areas can be measured with respect to the
second fundamental form as well, so we can associate to any such hypersurface M its area
as measured in the geometry of the second fundamental form. This area, which will be
denoted by AreaII(M), is related to the classical area element dΩ by
AreaII(M) =
∫
M
√
|detA| dΩ ,
where A denotes the shape operator of the hypersurface.
In this article, the notion of mean curvature will be tailored to the geometry of the
second fundamental form: the function which measures the rate of change of AreaII(M)
under a deformation of M , will be called the mean curvature of the second fundamental
form and denoted by HII. In this way, a concept which belongs to the extrinsic geometry
of the second fundamental form will be introduced in analogy with a well-known concept
in the classical theory of hypersurfaces. The mean curvature of the second fundamental
form was defined originally by E. Gla¨ssner [11, 12] for surfaces in E3. The corresponding
variational problem has been studied by F. Dillen and W. Sodsiri [9] for surfaces in E31,
and for Riemannian surfaces in a three-dimensional semi-Riemannian manifold in [16].
Some characterisations of the spheres in which this curvature HII is involved have been
found. For example, it has been shown that the spheres are the only ovaloids in E3 which
satisfy HII = C
√
K; furthermore, the spheres are the only ovaloids on which HII − KII
does not change sign (see [24] and G. Stamou’s [23]).
In the initiating § 2 of this article, the notation will be explained and several useful
formulae from the theory of hypersurfaces will be briefly recalled.
THE MEAN CURVATURE OF THE SECOND FUNDAMENTAL FORM 3
In the following § 3, the first variation of the area functional of the second fundamental
form is calculated and the mean curvature of the second fundamental form is defined.
In § 4, a comparison result for the Levi-Civita connections of the first and the second
fundamental form, which will be used in some of the subsequent proofs, is established.
In the subsequent sections (§§ 5–7) the mean curvature of the second fundamental
form will be employed to give several characterisations of extrinsic hyperspheres as the
only hypersurfaces in space forms, an Einstein space, and a three-dimensional manifold,
respectively, which can satisfy certain inequalities in which the mean curvature of the
second fundamental form is involved.
In § 8 the expresssion forHII will be investigated for curves. This is of particular interest,
since the length of the second fundamental form of a curve γ,
LengthII(γ) =
∫ √
|κ| ds ,
(where κ is the geodesic curvature and s an arc-length parameter) is a modification of the
classical bending energy ∫
κ2 ds
which has already been studied by D. Bernoulli and L. Euler. Moreover, the results we
present agree with W. Blaschke’s description of J. Radon’s variational problem [6] and
with a more recent article of J. Arroyo, O.J. Garay and J.J. Menc´ıa [4].
In the final section, § 9, the function HII will be investigated for (sufficiently small)
geodesic hyperspheres in a Riemannian manifold by means of the method of power series
expansions, which was applied extensively by A. Gray [13], and also by B.-Y. Chen and L.
Vanhecke [8, 14]. Furthermore, we address the question of whether the locally flat spaces
are characterised by the property that every geodesic hypersphere has the same II-area as
a Euclidean hypersphere with the same radius.
2. Definitions, Notation, and Useful Formulae
2.1. Assumption. All hypersurfaces are understood to be embedded and connected.
2.2. Nomenclature. A hypersurface in a semi-Riemannian manifold is said to be (semi-)
Riemannian if the restriction of the metric to the hypersurface is a (semi-)Riemannian
metrical tensor.
2.3. Notation. Since a hypersurface M in a manifold M will be studied, geometric ob-
jects in M are distinguished from their analogues in M with a bar. Geometric entities
derived from the second fundamental form are distinguished from those derived from the
first fundamental form by means of a sub- or superscript II. For example, the area element
obtained from the second fundamental form will be written as dΩII.
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2.4. Notation. The set of all vector fields on a manifold M will be denoted by X(M).
Furthermore, F(M) stands for the set of all real-valued functions on M . If (M, g) is a se-
mi-Riemannian submanifold of a semi-Riemannian manifold (M, g), the set of all vector
fields on M which take values in the tangent bundle TM is denoted by X(M). The
orthogonal projection TpM → TpM will be denoted by [·]T .
2.5. The Laplacian. The sign of the Laplacian will be chosen so that ∆f = f ′′ for a
real-valued function on R.
2.6. The fundamental forms. LetM be a semi-Riemannian hypersurface of dimension
m in a semi-Riemannian manifold (M, g). We shall suppose that a unit normal vector field
U ∈ X(M) has been chosen on M . The shape operator A, the second fundamental form
II and the third fundamental form III of the hypersurface M are defined by the formulae
(1)


A : X(M) → X(M) : V 7→ −∇V U ;
II : X(M)× X(M) → F(M) : (V,W ) 7→ α g(A(V ),W ) ;
III : X(M)× X(M) → F(M) : (V,W ) 7→ g(A(V ), A(W )) ,
where α = g(U, U) = ±1. It will be assumed that the second fundamental form is a
semi-Riemannian metric on M .
2.7. Frame fields. Let {E1, . . . , Em} denote a frame field on M which is orthonormal
with respect to the first fundamental form g. Define εi (i = 1, . . . , m) by εi = g(Ei, Ei) =
±1. Furthermore, let {V1, . . . , Vm} be a frame field on M which is orthonormal with
respect to the second fundamental form II. Define κi (i = 1, . . . , m) by κi = II(Vi, Vi) = ±1.
2.8. Curvature. The following convention concerning the Riemann-Christoffel curvature
tensor R will be made: for X, Y, Z ∈ X(M), we define R(X, Y )Z = ∇[X,Y ]Z −∇X∇Y Z +
∇Y∇XZ. The Ricci tensor and the scalar curvature will be denoted by Ric and S. The
mean curvature H of the hypersurface M is defined by
H =
α
m
tr(A) =
1
m
m∑
i=1
II(Ei, Ei)εi .
The (M, g)-sectional curvature of the plane spanned by two vectors vp and wp in TpM ,
will be denoted byK(vp, wp). The symbols K
II(vp, wp) and K(vp, wp) will be used in accor-
dance with the remark of § 2.3. Similarly, the scalar curvature of the second fundamental
form will be denoted by SII.
2.9. The difference tensor L. The difference tensor L between the two Levi-Civita
connections ∇II and ∇ is defined by
L(X, Y ) = ∇IIXY −∇XY ,
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p = γ(0)
v
w
b
b
b
γ(ε)
v•ε
(parallel transport w.r.t. ∇)
b
p = γ(0)
v
w
v⋆ε
b
b
b
γ(ε)
v•ε
(parallel transport w.r.t. ∇II)
Figure 1. Interpretation of the difference tensor in terms of parallel transport.
where X, Y ∈ X(M). The trace of L with respect to II is defined to be the vector field
trIIL =
m∑
i=1
L(Vi, Vi)κi ,
where Vi and κi have been defined in § 2.7.
Remark 1. The difference tensor L can easily be interpreted in terms of parallel trans-
port. Assume p ∈ M and v, w ∈ TpM are given. Choose a curve γ : R → M such that
γ(0) = p and γ′(0) = w. By v•ε we will denote the vector of Tγ(ε)M obtained by parallel
translation of v along γ with respect to ∇. By v⋆ε we will denote the vector of TpM which
is obtained by parallel transport of the vector v•ε back to p along γ with respect to ∇II
(see Figure 1). It is not hard to show that
L(v, w) = lim
ε→0
v⋆ε − v
ε
.
2.10. The equations of Gauss and Codazzi. The Riemann-Christoffel curvature ten-
sor R of the hypersurface M is related to the second fundamental form by means of the
Gauss equation
g(R(X, Y )Z,W ) = g(R(X, Y )Z,W ) + α
II(X,Z) II(Y,W )− II(X,W ) II(Y, Z) ,
which is valid for all tangent vector fields X, Y, Z,W ∈ X(M). As a consequence, we have
(2) Ric(X, Y ) = Ric(X, Y )− α g(R(X,U)Y, U) + αmH II(X, Y )− α III(X, Y ) .
The Codazzi equation of the hypersurface is
(∇XA)Y − (∇YA)X = R(X, Y )U ,
for all X, Y ∈ X(M).
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3. The Variation of the Area of the Second Fundamental Form
3.1. The area functional of the second fundamental form. Let E denote the set of
all hypersurfaces in a semi-Riemannian manifold (M, g) for which the first as well as the
second fundamental form is a semi-Riemannian metrical tensor. Our first objective is to
determine the critical points of the area functional of the second fundamental form
AreaII : E → R : M 7→ AreaII(M) =
∫
M
dΩII .
3.2. The mean curvature of the second fundamental form.
Definition 2. Let M be a hypersurface in a semi-Riemannian manifold (M, g), and
suppose that the first as well as the second fundamental form of M is a semi-Riemannian
metrical tensor. Let
µ : ]−ε, ε[×M →M : (s, p) 7→ µs(p)
be a mapping such that

µs(M) ∈ E for all s;
µs(p) = p for all p outside of a compact set of M and all s;
µ0(p) = p for all p ∈M .
Then µ will be called a variation of M in E .
Definition 3. LetM be a semi-Riemannian hypersurface of a semi-Riemannian manifold
(M, g) which belongs to the class E . The vector field Z in X(M) is defined by
Z =
m∑
i=1
κiA
←
([
R(Vi, U)Vi
]T)
.
Here A← denotes the inverse of the shape operator A, and Vi and κi were defined in § 2.7.
It can easily be seen that the vector field Z vanishes if (M, g) has constant sectional
curvature. If M has dimension three, the vector field Z is equal to A(Z)
detA
, where the vector
field Z has been defined in [3, 16] by the condition
∀X ∈ X(M), Ric(U,X) = II(Z,X) .
Theorem 4. Let M be a hypersurface in a semi-Riemannian manifold (M, g) for which
the first as well as the second fundamental form is a semi-Riemannian metrical tensor. Let
µ be a variation of M in E , for which the variational vector field has normal component
f U . The variation of the area functional AreaII is given by
∂
∂s
∣∣∣∣
s=0
AreaII(µsM) = −α
∫
M
f · 1
2
mH − m∑
i=1
g(R(Vi, U)Vi, U) κi
+
α
2
∆IIlog |detA| − α divIIZ
 dΩII .
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This theorem can be proved by similar methods to those used in [16] (see also [25]).
The formula for the variation of the second fundamental form which was given there, can
be generalised to hypersurfaces in the following way:
∂
∂s
∣∣∣∣
s=0
II(µs)(X, Y ) = α f
g(R(U,X)U, Y )− III(X, Y )+Hessf (X, Y ) .
The left-hand side of this expression, which is valid if the variational vector field is equal
to fU , is defined as in [16].
Definition 5. Let M be an m-dimensional hypersurface in a semi-Riemannian manifold
(M, g) for which both the first and the second fundamental forms are semi-Riemannian
metrical tensors. The mean curvature of the second fundamental form HII is defined by
(3) HII =
1
2
mH −
m∑
i=1
g(R(Vi, U)Vi, U) κi +
α
2
∆IIlog |detA| − α divIIZ
 .
If HII = 0, the hypersurface will be called II-minimal.
Remark 6. This definition extends those of [11, 12]; in [16], the sign of HII was chosen
differently.
Example 7. The standard embedding of Sm( 1√
2
) in Sm+1(1) is II-minimal. Furthermore,
the standard embedding of Sk( 1√
2
)× Sm−k( 1√
2
) in Sm+1(1) (see, e.g., [18]) is a II-minimal
hypersurface (k = 1, . . . , m−1). These assertions can be proved with ease when one takes
into account the fact that these hypersurfaces are parallel (in the sense that ∇II = 0).
Remark 8. As a consequence of Theorem 4 and Definition 5, we obtain the following
formulae for the variation of the classical area (Area) and of the area of the second
fundamental form (AreaII):

∂
∂s
∣∣∣∣
s=0
Area(µs(M)) = −mα
∫
fH dΩ ;
∂
∂s
∣∣∣∣
s=0
AreaII(µs(M)) = −α
∫
fHII dΩII .
Remark 9. The expression for HII can be rewritten in an alternative way at a point
p ∈M where the frame fields can be chosen such that
• the g-orthonormal basis {E1(p), . . . , Em(p)} of TpM is composed of eigenvectors
of the shape operator (principal directions) at p:
A(Ei(p)) = λi(p) Ei(p) , (i = 1, . . .m) ;
• the II-orthonormal basis {V1(p), . . . , Vm(p)} of TpM consists of the rescaled prin-
cipal directions at p:
Vi(p) =
1√|λi(p)|Ei(p) , (i = 1, . . .m) .
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In this case, the following expression for the mean curvature of the second fundamental
form holds at the point p:
(4) (HII)(p) =
(
1
2
mH −
m∑
i=1
1
λi
K(Ei, U)
+ α4∆IIlog |detA| − α2 divIIZ
)
(p)
.
Remark 10. By using the contracted Gauss equation (2), yet another expression for the
mean curvature of the second fundamental form can be derived:
(5) HII = −α
2
trIIRic− trIIRic + α(m2 − 2m)H − 1
2
∆IIlog |detA|+ divIIZ
 .
4. A comparison Result for the Connections
In the sequel of this article we will make use of the following Lemma, which slightly
extends well-known results ([17] Thm. 7, [22], and [10], Cor. 13). First we recall a useful
definition.
Definition 11. A totally umbilical, compact hypersurfaceM of a semi-Riemannian mani-
fold (M, g) which satisfies A = ρ id for a constant ρ ∈ R, is called an extrinsic hypersphere.
Lemma 12. Let M be a compact hypersurface of a semi-Riemannian manifold (M, g).
Suppose that both the first and the second fundamental forms are positive definite and that
these metrical tensors induce the same Levi-Civita connection. Furthermore, assume that
(M, g) has either strictly positive or strictly negative sectional curvature. Then M is an
extrinsic hypersphere.
Proof. (First Version.) As an immediate consequence of ∇ = ∇II, we see that
R(X, Y )Z = RII(X, Y )Z
holds for all X, Y, Z ∈ X(M). Let p ∈M be an arbitrary point and choose an orthonormal
basis {E1(p), . . . , Em(p)} as in Remark 8:
A(Ei(p)) = λi(p)Ei(p) (i = 1, . . . , m) .
These vectors can be extended to a smooth orthonormal frame field {E1, . . . , Em} on a
neighbourhood of p in M . For any choice of i 6= j ∈ {1, . . . , m}, there holds
KII(Ei(p), Ej(p)) =
(
II(RII(Ei, Ej)Ei, Ej)
II(Ei, Ei)II(Ej, Ej)
)
(p)
=
(
αλjg(R(Ei, Ej)Ei, Ej)
λiλj
)
(p)
=
α
λi(p)
K(Ei(p), Ej(p)) .
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Since the above equation remains valid if the roˆle of i and j is interchanged whereas
K(Ei(p), Ej(p)) 6= 0, it follows that M is totally umbilical. This means that A = ρ id for
a function ρ : M → R. Furthermore, for all X, Y, Z ∈ X(M),
0 =
(∇IIXII) (Y, Z) = (∇XII) (Y, Z) = αX [ρ] g(Y, Z) .
Consequently, ρ is a constant. 
Proof. (Second Version.) Assume that the conditions, as stated in the lemma, are satisfied
for a hypersurface which is not an extrinsic hypersphere. Thus the open set of all non-
umbilical points on M is non-empty and a non-umbilical point p ∈M can be chosen, in a
neighbourhood of which the principal directions {E1, . . . , Em} are smooth. The fact that
p is non-umbilical means, after a possible re-numbering of indices, that

λ1(p) = λ2(p) = · · · = λk(p) ;
λ1(p) 6= λk+1(p) ;
...
λ1(p) 6= λm(p) ,
for some k ∈ {1, . . . , m− 1} .
Since the first and the second fundamental form induce the same Levi-Civita connection,
there holds ∇A = 0. Thus for X ∈ X(M) and i, j ∈ {1, . . . , m}, we have
0 = g ((∇XA)Ei, Ej) = (λi − λj)g(∇XEi, Ej)−X [λi]δi j ,
and in particular,
(6) 0 = g(∇XEi, Ej) (for 1 6 i 6 k < k + 1 6 j 6 m).
Now choose a curve γ on M satisfying γ(0) = p = γ(1), and choose a vector vp ∈
span {Ek+1(p), . . . , Em(p)}. The vector field which is obtained by parallel translation of
this vector vp along the curve γ will be denoted by V = ξ
1E1 + · · ·+ ξmEm. Taking the
fact (6) into account, we deduce that

0 = g(∇γ′V, e1) = (ξ1)′ + ξ2 g(∇γ′E2, E1) + · · · + ξk g(∇γ′Ek, E1) ;
...
0 = g(∇γ′V,Ek) = (ξ)′ + ξ1 g(∇γ′E1, Ek) + · · · + ξk−1 g(∇γ′Ek−1, Ek) .
The crucial remark which has to be made is that the functions ξk+1, . . . , ξm do not enter
in these equations because of (6), whence a system of first-order differential equations in
the functions ξ1, . . . , ξk with initial conditions ξ1(0) = 0, . . . , ξk(0) = 0 is obtained. The
conclusion is that ξ1 ≡ · · · ≡ ξk ≡ 0.
It has thus been shown that the action of the local holonomy group leaves the subspace
span {Ek+1(p), . . . , Em(p)} of TpM invariant.
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Now the local de Rahm theorem can be applied, which gives us that a neighbourhood
of p ∈ (M, g) is isometric to a Cartesian product of Riemannian manifolds. This is in
contradiction with the assumption that (M, g) has non-vanishing sectional curvature. 
5. Hypersurfaces in a Space Form
We shall use M
m+1
0 (C) to denote the following Riemannian manifolds of dimension
m+ 1: 

the Euclidean hypersphere Sm+1( 1√
C
) (for C > 0) ;
the Euclidean space Em+1 (for C = 0) ;
the hyperbolic space Hm+1( 1√
−C
) (for C < 0) .
We shall use M
m+1
1 (C) to denote the following Lorentzian manifolds of dimension m+ 1:

the de Sitter space Sm+11 (
1√
C
) (for C > 0) ;
the Minkowski space Em+11 (for C = 0) ;
the anti-de Sitter space Hm+11 (
1√
−C
) (for C < 0) .
Each of the above semi-Riemannian manifolds has constant sectional curvature C.
Lemma 13. Let M be a compact semi-Riemannian hypersurface in a semi-Riemannian
manifold (M, g) of constant sectional curvature C and dimension m + 1 (with m > 2).
Assume that the second fundamental form of M is positive definite. The inequality
(7) SII 6 2α(m− 1)
HII + CtrA←
is satisfied if and only if the Levi-Civita connections of the first and the second fundamental
forms coincide.
Proof. The following expressions are valid for the curvatures which are involved in the
above inequality:

HII =
1
2
α trA− C trA←+ α
4
∆IIdetA
detA
− α
4
II(∇IIdetA,∇IIdetA)
(detA)2
;
SII = α(m− 1)
α trA+ C trA←+ II(L, L)− 1
4
II(∇IIdetA,∇IIdetA)
(detA)2
,
where the quantity II(L, L) is defined by
II(L, L) =
m∑
i, j, k=1
(II(L(Vi, Vj), Vk))
2κiκjκk =
m∑
i, j, k=1
(II(L(Vi, Vj), Vk))
2 .
The first expression is an immediate consequence of Equation (4). The second expression
can be found in, e.g., [21] (if (M, g) is the Euclidean space of dimension m + 1), [2] (if
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(M, g) is the de Sitter space of dimension m+ 1), or [1] (if (M, g) is a Riemannian space
form of dimension m+ 1). The inequality (7) is equivalent to
0 6
(m− 1)
2
∆IIdetA
detA
− (2m− 3)
4
II(∇IIdetA,∇IIdetA)
(detA)2
− II(L, L) ,
and this implies
detA = constant and ∇ = ∇II .
Conversely, if ∇ = ∇II, it follows that ∇II vanishes. Consequently, detA is a constant and
the inequality is satisfied. 
Theorem 14. Let M be a compact Riemannian hypersurface in the space form M
m+1
e (C)
(for m > 2). Assume that the second fundamental form of M is positive definite. The
inequality
(8) SII 6 2α(m− 1)
HII + C trA←
is satisfied if and only if M is an extrinsic hypersphere.
Proof. Three cases will be treated separately.
1. M
m+1
e (C) is a Riemannian space form. It has already been shown that inequal-
ity (8) implies thatM is parallel, in the sense that∇II vanishes. Such hypersurfaces
were classified in Theorem 4 of [18]. If C > 0, the only hypersurfaces with a pos-
itive definite second fundamental form which appear in this classification are the
extrinsic hyperspheres. If C < 0, the extrinsic hyperspheres are the only compact
hypersurfaces in the classification.
2. M
m+1
e (C) is a Lorentzian space form with C 6 0. It follows from the Gauss
equation that (M, g) has strictly negative sectional curvature. The result follows
from Lemmas 12 and 13.
3. M
m+1
e (C) is the de Sitter space. It follows from (8) that ∇A vanishes. Conse-
quently, M has constant mean curvature and an application of Theorem 4 of [20]
concludes the proof.

6. Hypersurfaces in an Einstein Space
Theorem 15. Let (M, g) be a Riemannian Einstein manifold of dimension m+ 1 (with
m > 3) with strictly positive scalar curvature S. Any compact hypersurface M ⊆M with
positive definite second fundamental form satisfies
(9) HII +m
√(
m− 2
m+ 1
)
S >
1
2
trIIRic
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if and only if it is an extrinsic hypersphere with A =
√
S
(m−2)(m+1) id. Moreover, in this
case there holds HII =
√
S
(m−2)(m+1) .
Proof. Since Ric = S
m+1
g, we deduce that trIIRic =
S
m+1
trA← . Define β and ρ by
β =
√(
m− 2
m+ 1
)
S and ρ =
√
S
(m− 2)(m+ 1) .
Furthermore, the principal curvatures will be denoted by λi (i = 1, . . . , m). It follows now
from (5) and the assumption (9) that
∫
trIIRic dΩII =
∫ 2HII + β
m∑
i=1
(
ρ
λi
+
λi
ρ
) dΩII
>
∫
2
HII +mβ dΩII >
∫
trIIRic dΩII .
This is only possible if all principal curvatures are equal to ρ. 
7. Surfaces in a three-dimensional semi-Riemannian Manifold
All previous results agree with [16] if the surrounding space is three-dimensional (except
for the sign convention of HII). Moreover, some results can be sharpened. Assume M ∈ E
and m = 2. Let KII denote the Gaussian curvature of (M, II). Consequently, the relation
2KII = SII is valid.
Theorem 16. Let M be a compact surface in a three-dimensional semi-Riemannian man-
ifold (M, g) and suppose that the first as well as the second fundamental form of M is
positive definite. Suppose that the Gaussian curvature K of M is strictly positive. Then
M is an extrinsic hypersphere if and only if
(10) KII > αHII +
1
2
trIIRic .
Proof. Assume first that (10) is satisfied. A minor adaptation of the proof of Proposition 5
of [16] shows that M is totally umbilical, and that equality is attained in (10). An
application of Theorem 6 of [16] shows that we have
KII = αHII +
1
2
trIIRic− 1
4
∆IIlog(detA) ,
and consequently detA is a constant. The converse follows since, if M is an extrinsic
hypersphere, Theorem 6 of [16] shows that equality holds in (10). 
The following Corollary, which follows immediately from the above Theorem and The-
orem 14, generalises a result of [19, 23].
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Corollary 17. Let M be a compact Riemannian surface in the space form M
3
0(C) (with
C ∈ R) or the de Sitter space. Assume that the second fundamental form of M is positive
definite and that the Gaussian curvature of (M, g) is strictly positive. Then either
HII − αKII + 2 CH
K − C
changes sign or M is an extrinsic sphere.
8. Curves in a semi-Riemannian Surface
Let γ : ]a, b[ → (M, g) : s 7→ γ(s) be an arcwise parametrised time-like or space-like
curve in a semi-Riemannian surface. Let T denote the unit tangent vector γ′ along γ. It
will be supposed that g(∇TT,∇TT ) vanishes nowhere. By virtue of this property, γ is
sometimes called a Frenet curve. On the other hand, this requirement precisely means
that II is a semi-Riemannian metrical tensor on γ. Let {T, U} be the Frenet frame field
along γ:
T = γ′, U =
1√∣∣g(∇TT,∇TT )∣∣∇TT .
Further, we set β = g(T, T ) = ±1 and α = g(U, U) = ±1. The geodesic curvature κ of γ
in (M, g) is determined by the Frenet-Serret formulae: ∇TT∇TU
 =
 0 βκ−ακ 0

 T
U
 .
The geodesic curvature κ is equal to the mean curvature of γ ⊆ (M, g). The functional
which measures the length of a curve with respect to the second fundamental form, which
will be denoted by LengthII instead of AreaII, can be computed as the integral
LengthII(γ) =
∫
γ
√
|κ| ds .
Let K denote the Gaussian curvature of (M, g). A calculation shows
(11) HII =
1
2
−αK
κ
+ κ +
αβ
4
(
2
κ′′
κ2
− 3(κ
′)2
κ3
) .
Example 18. A curve γ (with κ > 0) in E2 is II-minimal if and only if the curvature κ,
when regarded as a function of the arc-length, satisfies
(12) 4 κ4 + 2 κ κ′′ − 3(κ′)2 = 0 .
This differential equation can most conveniently be solved by introducing the function
φ = 1
κ
. With this notation, the above differential equation (12) is equivalent to
(13) 4− 2φ φ′′ + (φ′)2 = 0 .
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Taking the derivatives of both sides of the above equation (13), there results φ′′′ = 0. It
is now easily verified that the formula
κ(s) =
A
A2(s+Q)2 + 1
(where A ∈ ]0,+∞[ and Q ∈ R)
describes the general solution of the initial differential equation (12). This shows that
the catenaries are exactly the II-minimal planar curves. (Compare [6, § 27] for the corre-
sponding variational problem for space curves.)
Remark 19. It can be asked as well, whether a curve in E2 can be found which minimises
LengthII among all curves with κ > 0 joining two given points. This requirement is
stronger than merely II-minimality of γ, since non-compactly supported fixed-endpoint
variations of the curve should also be taken into account. A simple argument shows that
no such minimum exists: if γR is an arc of a circle of radius R which joins the two given
points, there holds
lim
R→∞
LengthII(γR) = 0 .
Example 20. For curves on the unit sphere, the equation HII = 0 can be rewritten as
4κ2 − 4κ4 − 2κ′′κ+ 3(κ′)2 = 0 .
This is equation (4) of [4], if the length functional of the second fundamental form LengthII
is interpreted as the so-called curvature energy functional. As is proved and beautifully
illustrated in [4], there exists a discrete family of closed, immersed, II-minimal curves on
the unit sphere. Then S1( 1√
2
) ⊆ S2(1) is an embedded “II-minimal” curve which belongs
to this family. This curve is, as is remarked in [4], actually a local maximum of AreaII.
9. Geodesic Hyperspheres in a Riemannian Manifold
9.1. Overview of the Results of this Section. As a final example we shall investi-
gate the (sufficiently small) geodesic hyperspheres in a Riemannian manifold, since these
provide us with a naturally defined class of hypersurfaces with a positive definite second
fundamental form. We will use the method of power series expansions, hereby relying on
computations of [8, 13, 14].
It will first be shown (Theorem 22) that a Riemannian space for which the value of HII
agrees for every geodesic hypersphere in any of its points with the corresponding value
for a hypersphere of the same radius in a Euclidean space, has to be locally flat.
Let us next denote the geodesic hypersphere of centre n and radius r by Gn(r). It was
asked in [14] whether the Riemannian geometry of the ambient manifold (M, g) is fully
determined by the area functions
M × ]0,+∞[→ R : (n, r) 7→ Area(Gn(r)) (r sufficiently small)
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of the geodesic hyperspheres. It appears that a decisive answer has not yet been given.
Similarly, it may be asked whether a Riemannian manifold for which every geodesic hy-
persphere has the same II-area as a Euclidean hypersphere of the same radius, is locally
flat. In analogy with [14], we were only able to give an affirmative answer if additional hy-
potheses are made (Theorem 23). For example, the question is answered in the affirmative
if the dimension of the ambient manifold does not exceed five.
Let us now explain the technical calculations which result in Theorems 22 and 23.
9.2. The co-ordinate system. Let n be a point of a Riemannian manifold (M, g) of
dimension m+ 1, and choose a unit vector e0 ∈ TnM . Consider the geodesic γ satisfying
γ(0) = n and γ′(0) = e0. Our purpose is to determine the first few terms in the power
series expansion (in the variable r > 0) of the value (HII)(γ(r)) which the mean curvature
of the second fundamental form of the geodesic hypersphere Gn(r) of radius r and centre
n assumes in the point γ(r). In extension, the letter r will designate also the distance
function with respect to the point n. It will be assumed throughout that r > 0 is
sufficiently small, in order that everything below is well-defined.
We choose an orthonormal basis {e0, . . . , em} of TnM and consider the associated nor-
mal co-ordinate system x = (x0, . . . , xm) of (M, g) centered at n:
x
(
exp
(
m∑
s=0
tjej
))
= (t0, . . . , tm) .
For any fixed r, a co-ordinate system of Gn(r) is given by x = (x
1, . . . , xm) in a Gn(r)-
neighbourhood of the point γ(r) = exp(re0).
It should be noticed that the co-ordinate vector fields ∂j of M and ∂j of Gn(r) are
related by (j = 1, . . . , m)
∂j = ∂j − x
j
x0
∂0 ,
and in particular there holds ∂j = ∂j along γ. (See also Figure 2.) Overlined tensor
indices will refer to the co-ordinate system x, whereas ordinary tensor indices refer to the
co-ordinate system x of the geodesic hyperspheres with centre n. The coefficients of the
Riemannian curvature tensor of (M, g) are determined by (ı, u, v, e = 0, . . . , m)
Rı u v e = g(R(∂ı, ∂u)∂v, ∂e) .
In [8], the expansion of the mean curvature H of the geodesic hyperspheres was given
at the point γ(r):
H (γ(r)) =
1
r
− r
3m
(
Ric
0 0
)
(n)
− r
2
4m
(∇
0
Ric
0 0
)
(n)
+
r3
m
(
− 1
10
∇2
0 0
Ric
0 0
− 1
45
m∑
a e=0
(
R
0 a 0 e
)2)
(n)
+ O(r4) .
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Figure 2. A simplified drawing for the co-ordinate systems x and x. The
co-ordinate grid on (M, g) of x is displayed in gray.
It is follows from this expression that the locally flat spaces are the only Riemannian
manifolds for which all geodesic hyperspheres have constant mean curvature which is equal
to the inverse of their radius.
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9.3. The first fundamental form. The following expansion for the first fundamental
form is given in [13, Cor. 2.9]:
gı  = δı  −
1
3
m∑
a c=0
(
Ra ı c 
)
(n)
xaxc − 1
6
m∑
a c e=0
(∇aRc ı e )(n) xaxcxe
+
1
120
m∑
a c e u=0
(
− 6∇2a cRe ı u  +
16
3
m∑
s=0
Ra ı c sRe  u s
)
(n)
xaxcxexu + O(r5) .(14)
This formula is valid for ı,  = 0, . . . , m and holds on the normal neighbourhood of n. The
formula implies
(
gı 
)
(γ(r))
= δı  − r
2
3
(
R
0 ı 0 
)
(n)
− r
3
6
(∇
0
R
0 ı 0 
)
(n)
+
r4
120
(
−6∇2
0 0
R
0 ı 0  +
16
3
m∑
s=0
R
0 ı 0 sR0  0 s
)
(n)
+ O(r5) .(15)
9.4. The shape operator of the geodesic hyperspheres. It should be noticed that
formula (3.5) of [8] gives the components of the shape operator with respect to an or-
thonormal frame field. As a consequence of this formula (3.5), the following expression
holds:
(log detA)(γ(r)) +m log(r) = r
2
(−1
3
Ric
0 0
)
(n)
+ r3
(−1
4
∇
0
Ric
0 0
)
(n)
(16)
+r4
(
−7
90
n∑
a c=0
(
R
0 a 0 c
)2 − 1
10
∇2
0 0
Ric
0 0
)
(n)
+ O(r5) .
It follows from this equation that the locally flat spaces are the only Riemannian manifolds
for which all geodesic hyperspheres have constant Gauss-Kronecker curvature which is
equal to the inverse of the m-th power of their radius.
In order to find an expression for the co-ordinate coefficients of the shape operator
of Gn(r), we will compute the Christoffel symbols of (M, g). Partial derivatives will be
denoted with a vertical bar | in tensor components. From (14) we deduce the following
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expression (for e, ı,  = 0, . . . , m):
(
gı |e
)
(γ(r))
=
−r
3
(
Re ı 0  + R0 ı e 
)
(n)
−r
2
6
(∇eR0 ı 0  +∇0Re ı 0  +∇0R0 ı e )(n)
+
r3
120
(
− 6∇2e 0R0 ı 0  − 6∇
2
0 eR0 ı 0  − 6∇
2
0 0
Re ı 0  − 6∇20 0R0 ı e 
+
16
3
m∑
s=0
Re ı 0 sR0  0 s +
16
3
m∑
s=0
R
0 ı e sR0  0 s(17)
+
16
3
m∑
s=0
R
0 ı 0 sRe  0 s +
16
3
m∑
s=0
R
0 ı 0 sR0  e s
)
(n)
+ O(r4) .
The inverse components of the metric are given by: (ı,  = 0, . . . , m)
(
gı 
)
(γ(r))
= δı  + r
2
(
1
3
R
0 ı 0 
)
(n)
+ r3
(
1
6
∇
0
R
0 ı 0 
)
(n)
+ O(r4) .(18)
Remark 21. According to the Gauss lemma, the matrix (gı ) has the following structure
at the point γ(r):
(gı )(γ(r)) =

1 0 · · · 0
0 g
1 1
· · · g
1m
0
...
...
0 gm 1 · · · gmm

(γ(r))
=

1 0 · · · 0
0 g1 1 · · · g1m
0
...
...
0 gm 1 · · · gmm

(γ(r))
.
Consequently, the same holds for the inverse matrix. This means that (for ı,  = 1, . . . , m)
formula (18) gives also the inverse components
(gı )(γ(r)) =
(
gı 
)
(γ(r))
of the metrical tensor g of Gn(r), at a point on the curve γ.
The Christoffel symbols Γ

0 ı of (M, g) with respect to the co-ordinate system x can be
computed by means of equations (17) and (18) at a point of γ.
On the other hand, the inward pointing unit normal vector field U of Gn(r) is given by
U =
−1
r
m∑
v=0
xv∂v .
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Since
(
r|ı
)
(γ(r))
= 0 for ı = 1 . . .m, we obtain (for r > 0)
A(∂ı|(γ(r))) = A(∂ı
∣∣
(γ(r))
) = − ∇∂ı(U)
∣∣
(γ(r))
=
1
r
∇∂ı
(
m∑
v=0
xv∂v
)∣∣∣∣∣
(γ(r))
=
1
r
(
∂ı +
m∑
s v=0
xvΓ
s
v ı ∂s
)
(γ(r))
=
1
r
(
∂ı +
m∑
s=0
rΓ
s
0 ı∂s
)
(γ(r))
.
Consequently, there holds 1
r
δi s + Γ
s
0 ı = A
s
ı at the point γ(r). In this way, we obtain the
following expression for the shape operator of Gn(r) at γ(r): (ı,  = 1, . . . , m)
(Ası )(γ(r)) =
1
r
δı s − r
3
(
R
0 ı 0 s
)
(n)
− r
2
4
(∇
0
R
0 ı 0 s
)
(n)
+r3
(
−1
10
∇2
0 0
R
0 ı 0 s − 1
45
m∑
w=0
R
0 ı 0wR0w 0 s
)
(n)
+ O(r4) .(19)
Finally, we can compute the components of the second fundamental form in the following
way (ı,  = 1, . . . , m):
(IIı )(γ(r)) =
1
r
(
gı 
)
(n)
− 2r
3
(
R
0 ı 0 
)
(n)
− 5r
2
12
(∇
0
R
0 ı 0 
)
(n)
+r3
(
−3
20
∇2
0 0
R
0 ı 0  +
2
15
m∑
s=0
R
0 ı 0 sR0 s 0 
)
(n)
+ O(r4) .(20)
Since the above equation is only valid at the single point γ(r) = exp(re0) of Gn(r), it
needs to be rewritten in order to compute the leading term of IIı |e at γ(r). A more
general expression for IIı , which is valid at any point p = exp(rξ) with co-ordinates
(x0, . . . , xm) (for a unit vector ξ ∈ TnM , as in Figure 2), is obtained by
substitution of


∂ı|(γ(r))
∂ı
∣∣
(n)
e0
by


∂ı|(p) = ∂ı
∣∣
(p)
− xı
x0
∂0
∣∣
(p)
∂ı
∣∣
(n)
− xı
x0
∂0
∣∣
(n)
ξ = 1
r
∑m
a=0 x
aea
in the previous formula. The result is
IIı =
1
r
(
δı  +
xıx
(x0)2
− 2
3
m∑
a c=0
(
Ra ı c 
)
(n)
xaxc +
2
3
m∑
a c=0
(
Ra 0 c 
)
(n)
xı
x0
xaxc
+
2
3
m∑
a c=0
(
Ra ı c 0
)
(n)
x
x0
xaxc − 2
3
m∑
a c=0
(
Ra 0 c 0
)
(n)
xı x
(x0)2
xaxc
)
+ O(r2) ,(21)
where the function (x0)2 can be expressed in the co-ordinate system x on Gn(r) by
(x0)2 = r2 − (x1)2 − . . .− (xm)2 .
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Consequently, there holds (ı, , e = 1, . . . , m):
(22)
(
IIı |e
)
(γ(r))
=
−2
3
(
Re ı 0  + R0 ı e 
)
(n)
+ O(r) .
In this way, we obtain an expression for the leading term of the Christoffel symbols of the
second fundamental form at γ(r) with respect to the co-ordinate system x of the geodesic
hyperspheres (ı, , s = 1, . . . , m):
(23)
(
ΓII
s
ij
)
(γ(r))
=
2r
3
(
Rs ı 0  + R0 ı s 
)
(n)
+ O(r2) .
After some work, it can be concluded from equations (16), (20) and (23) that
∆II log detA
∣∣
(γ(r))
=
−2r
3
(
S − (m+ 1)Ric
0 0
)
(n)
+r2
(
−S |0 + 3
4
(m+ 2)∇0Ric0 0
)
(n)
+r3
(
−16
45
m∑
v w=0
R
0 v 0wRicv w +
14
45
(3 +m)
m∑
v w=0
(
R
0 v 0w
)2
− 7
15
m∑
ı v w=0
(
Rı v 0w
)2 − 3
5
Hess(S)0 0
+
(6 + 2m)
5
∇2
0 0
Ric
0 0
+
22
45
m∑
v=0
(
Ric
0 v
)2
−4
9
(
Ric
0 0
)2 − 1
5
∆Ric
0 0
)
(n)
+ O(r4) .
9.5. Further computations. We will not give the details of the further calculations
which can be performed in a similar way. The II-divergence of the vector field Z is given
by:
divIIZ|(γ(r)) = r
(
(m+ 1)Ric
0 0
− S)
(n)
+r2
(
(m+ 2)∇
0
Ric
0 0
− 3
2
S |0
)
(n)
+r3
(
−1
3
n∑
ı =0
R
0 ı 0 Ricı  +
(m+ 3)
2
∇2
0 0
Ric
0 0
+
2
3
m∑
v=1
(
Ric
0 v
)2
+
(m+ 3)
3
m∑
i j=0
(
R
0 ı 0 
)2
−Hess(S)0 0 −
1
2
m∑
a c e=0
(
Ra c e 0
)2)
(n)
+ O(r4) .
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The II-trace of the Ricci tensor can be calculated as
trIIRic
∣∣
(γ(r))
= r
(
S − Ric
0 0
)
(n)
+ r2
(
S |0 −∇0Ric0 0
)
(n)
+r3
(
1
3
m∑
ı =0
R
0 ı 0 Ricı  − 1
2
∇2
0 0
Ric
0 0
+
1
2
Hess(S)0 0
)
(n)
+ O(r4) .
The II-trace of the Ricci tensor satisfies
trIIRic|(γ(r)) =
m(m− 1)
r
+ r
(
S − (m+ 5)
3
Ric
0 0
)
(n)
+r2
(
S|0 − (m+ 7)
4
∇
0
Ric
0 0
)
(n)
+r3
(
1
3
m∑
ı =0
R
0 ı 0 Ricı  − (m+ 9)
10
∇2
0 0
Ric
0 0
−(m+ 14)
45
m∑
ı =0
(
R
0 ı 0 
)2
+
1
2
Hess(S)0 0
)
(n)
+ O(r4) .
9.6. An expression for HII. From the previous computations and formula (5), we obtain
HII (γ(r)) =
m
2r
+
r
3
(
S − (m+ 3)Ric0 0
)
(n)
+r2
(
1
2
S |0 − (20 + 5m)
16
∇
0
Ric
0 0
)
(n)
+r3
(
7
90
m∑
ı =0
R
0 ı 0 Ricı  − (15 + 3m)
20
∇2
0 0
Ric
0 0
−19
90
m∑
v=1
(
Ric
0 v
)2 − (20 + 4m)
45
m∑
ı =0
(
R
0 ı 0 
)2
(24)
+
7
20
Hess(S)0 0 +
2
15
m∑
a c e=0
(
Ra c e 0
)2
+
1
90
(
Ric
0 0
)2 − 1
20
∆Ric
0 0
)
(n)
+ O(r4) .
Theorem 22. A Riemannian manifold (of dimension m+ 1) is locally flat if and only if
the mean curvature of the second fundamental form of every geodesic hypersphere is equal
to the constant m
2r
(where r is the radius of the geodesic hypersphere).
Proof. Suppose that (M, g) is a Riemannian manifold for which the relation HII =
m
2r
holds for every geodesic hypersphere. Then for any choice of n ∈ M and e0 ∈ TnM , the
coefficients of the positive powers of r in formula (24) vanish. An analysis of the equation
∀n ∈M ∀ e0 ∈ TnM with ‖e0‖ = 1, (m+ 3)Ric(e0, e0) = S(n)
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gives thatM is Ricci flat. The fact that the coefficient of r3 vanishes implies that for each
point n ∈M and for each unit vector ξ ∈ TnM , there holds
(20 + 4m)
45
m∑
ı =0
(
Rξ ı ξ 
)2
=
2
15
m∑
a c e=0
(
Ra c e ξ
)2
.
Both sides of the above equation can be integrated over the unit hypersphere of TnM with
the help of the results of [8, 14]. By means of the resulting equation, it can be concluded
that R vanishes. 
9.7. The area of geodesic hyperspheres, as measured by means of the second
fundamental form. Let αm denote the area of a unit hypersphere in E
m+1. A calculation
gives
AreaII(Gn(r)) = r
m
2 αm
[
1− r2
(
S
3(m+ 1)
)
(n)
+r4
1
(m+ 1)(m+ 3)
(
1
18
(S)2 +
1
15
m∑
ı =0
(
Ricı 
)2
(25)
− 1
15
m∑
a c e s=0
(
Ra c e s
)2 − 3
20
∆S
)
(n)
+ O(r5)
]
.
Thus, the following adaption of theorem 4.1 of [14] can be obtained.
Theorem 23. Let (M, g) be a Riemannian manifold of dimension m + 1, and suppose
that the area of every geodesic hypersphere of M , as seen in the geometry of the second
fundamental form, is equal to r
m
2 αm (where r is the radius of the geodesic hypersphere,
and αm is the area of the unit hypersphere of E
m+1). Then there holds
(26)
{
S = 0 ;
‖R‖2 = ‖Ric‖2 .
Further, M is locally flat if any of the following additional hypotheses is made:
(i). dimM 6 5;
(ii). the Ricci tensor of M is positive or negative semi-definite (in particular if M is
Einstein);
(iii). M is conformally flat and dimM 6= 6;
(iv). M is a Ka¨hler manifold of complex dimension 6 5;
(v). M is a Bochner flat Ka¨hler manifold of complex dimension 6= 6;
(vi). M is a product of surfaces (with an arbitrary number of factors).
Proof. The first part of the theorem follows immediately from the given power series
expansion (25). Now assume (26) is satisfied.
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(i) Suppose that M has dimension 6 5 (i.e., m 6 4). The trivial case m = 1 should
be excluded in the reasoning below. Let W denote the Weyl conformal curvature
tensor of (M, g). There holds
0 6 ‖W‖2
= ‖R‖2 − 4
m− 1‖Ric‖
2 +
2
m(m− 1)S
2
=
m− 5
m− 1‖R‖
2 6 0 ,
and consequently, 0 = R.
(ii) If ǫRic is positive semi-definite, for , for ǫ = ±1, then 0 6 ǫtrRic = ǫS = 0 and
consequently Ric = 0 and R = 0.
(iii) The case where dimM 6 5 has already been proved. So assumeM is a conformally
flat Riemannian manifold which satisfies (26), dimM > 7 (i.e. m > 6) and
0 6= ‖R‖. The fact that 0 = ‖W‖2 implies
(m− 1)‖R‖2 = 4‖Ric‖2 = 4‖R‖2 < (m− 1)‖R‖2 ,
which is clearly a contradiction.
(iv) and (v) can be proved similarly to the two previous cases by an analysis of the squared
norm of the Bochner curvature tensor. (vi) can be proved in the same way as in [14]. 
Remark 24. For a given r > 0 and n ∈ M , the collection concentric geodesic hyper-
spheres {Gn(r + s)} can be seen as a variation of Gn(r) with variational vector field −U .
An application of Theorem 4 gives that the relation
∂
∂r
AreaII(Gn(r)) =
∫
Gn(r)
HII dΩII
holds. It can indeed be checked that the first terms in the power series expansion of both
functions agree.
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